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Abstract: Matter coUineations (MCs) are the vector fields along which the energy- 



O \ momentum tensor remains invariant under the Lie transport. Invariance of the met- 

Q \ ric, the Ricci and the Riemann tensors have been studied extensively and the vectors 

Q \ along which these tensors remain invariant are called Killing vectors (KVs), Ricci 



coUineations (RCs) and curvature coUineations (CCs), respectively. In this paper 



{3j^| plane symmetric static spacetimes have been studied for their MCs. Explicit form 

of MCs together with the Lie algebra admitted by them has been presented. Exam- 
'k> \ pies of spacetimes have been constructed for which MCs have been compared with 

H ' their RCs and KVs. The comparison shows that neither of the sets of RCs and MCs 

contains the other, in general. 



1. Introduction 

One of the principal applications of Lie derivatives in theoretical physics is to express 
the notion that a tensor field is invariant under some transformation. We say that a 
tensor field T is invariant under a vector field V if 

£vT = 0, (1.1) 

where £v denotes Lie differentiation with respect to the vector V. If T has physical 
importance then those special vector fields under which T is invariant will also be 
important. The manifolds of interest in theoretical physics have metrics, and it is 
therefore of considerable interest whenever the metric is invariant with respect to 
some vector field. These vector fields are called the Killing vectors (KVs) or isome- 
tries. After the spacetime metric, the curvature, the Ricci and the energy-momentum 
tensors are other important candidates which play a significant role in understand- 
ing the geometric structure and physical properties of spacetimes in relativity. While 
the isometries, provide information of the symmetries inherent in the spacetime, the 
symmetries of the matter-energy field are provided by MCs, vector fields along which 
the energy momentum tensor is invariant under the Lie transport. These symmetry 
properties are described by continuous groups of motions or collineations and they 
lead to conservation laws. For an introduction to spacetime symmetries and their 
significance the reader may see References [1, 2, 3]. 

Formally, the KV is defined as follows. A manifold M is said to admit a KV (or 
motion) ^" if the Lie derivative of the metric Qab with respect to ^"' is conserved, i.e. 

£igab = . (1.2) 

The vector ,^" is a Ricci coUineation (RC) if the Lie derivative of the Ricci tensor, 
Rab, with respect to. ^" is conserved, i.e. 

£^Rab = . (1.3) 

Since the Ricci tensor is built from the metric tensor, it must inherit its symmetries. 
Thus if the Lie derivative of Qab vanishes, it must vanish for Rab also. Hence every 
KV is an RC but the converse may not be true. The RCs which are not KVs are 
called proper RCs [4]. For plane symmetric spacetimes the RCs are finite if the Ricci 
tensor is non-degenerate; for degenerate case the RCs may be finite as well as infinite 
dimensional [4, 5]. If Rab in Eq. (1.3) is replaced by the energy-momentum tensor. 
Tab, then the vector C, is called an MC. In component form this can be expressed as 



Clearly, every KV is an MC also but the converse is not true. Recently, MCs for 
different spacetimes have been discussed in the literature [3, 6]. However, very little 
is known on this important subject, particularly, the relationship between RCs and 
MCs and there is a need for more research [7]. In this paper we study the Lie 
symmetries of the energy-momentum tensor, called the matter collineations (MCs), 
for plane symmetric static spacetimes, and compare them with their KVs and RCs 
[4, 5, 8]. 

The plan of the paper is as follows. In Sections 2 and 3 we construct and solve the 
MC equations. Section 5 contains the algebra of the MCs obtained in the previous 
section. Examples of the metrics are given in Section 6, where MCs are compared 
with their RCs and KVs. Concluding remarks are given at the end. 

2. The matter collineation equations 

We take (^x^x^x'^x^) = {t,x,y,z), so that, the most general plane symmetric static 
line element can be written as [9] 

ds'' = e'^^'^dt^ - dx^ - e^(") {dy^ + dz^) , (2.1) 

where u and fi are functions of x only. For this metric the non- vanishing components 
of Tab are 

Too = -^(4/i" + 3/), 

Tn = i {2u'fi' + /) , (2.2) 

T22 = ^ {2u" + 2fi" + v'^ + / + z/V') = ^33, 

and those of the Ricci tensor are 

i?ii = -(^ + /i" + ^ + 4), (2.3) 

R12 = -f (2/i" + U'fl' + 2/) = i?33. 

Here ''• denotes differentiation with respect to x. The Ricci scalar is given by 

R = u" + 2/i" + i (z/'' + 3/ + 2z/'/i') . (2.4) 

Writing Tu = X,, for i = 0, 1, 2, 3, the MC equations Eq. (1.4) for the MC vector ^ 
take the form 



T;,e + 2ToeJ = 0, (2.5 

To^l + T,^!o = 0, (2.6 

7^0^2 + ^2^,0 = 0, (2.7 

^0^,3 + ^2^,0 = 0, (2.8 

T[e + 2Tie,\ = 0, (2.9 

7^1^,2 + ^2e,'i = 0, (2.10 

Ti^l + T2^l = 0, (2.11 

T^e^ + 2T2e,| = 0, (2.12 

^2^3 + ^,1) =0, (2.13 

T^e' + 2T2eJ = 0. (2.14 

These are ten non-linear coupled partial differential equations for^*^, C,^, C,"^, C,^, 
and To, Ti, T2, T3. The ^* depend on t, x, y and z; and the Tjon x only. 

3. Solution of the matter collineation equations 

Solving Eqs. (2.5)- (2.14) simultaneously we obtain the components of the MC vector, 
C,. Since the procedure for the solution of similar systems of partial differential 
equations has appeared in the literature [4, 10], we do not give the calculations 
and only present the results. The procedure, roughly speaking, is as follows. We 
first integrate any of these equations to obtain the components of ^in terms of 
arbitrary functions of the coordinates. Using this form of ^ in other MC equations 
will give conditions on these arbitrary functions. Going back and forth in this way 
and checking consistency with the MC equations at every step until these functions 
are determined explicitly yields the final form of ^ involving arbitrary constants. In 
the course of finding these solutions we get constraints on the components of T. Thus 
we will arrive at various cases of MCs corresponding to these constraints. Solving 
these constraints, which are often differential in nature, gives the spacetimes. Now, 
we list these cases. 

Case 1 

Constraints on Tab'- 

T2 W r. fTo 



T^ ^ 0, -^^ 7^ 0, ^ 
° ^ \T2VTj ^ \T2 



MCs: Let ^ = A; . 



C° = -i (cez + c^y) + ci, 

e' = o, 

C^ = C42; + kc^t + C2, 

^3 = -I/C4 + /cCgt + C3. 



Case 2 

Constraints on Tab- 



n^o, 



MCs: 



^)^<|)^°- 



e° = c^, 

e = o, 

^^ = C4Z + C2, 



e^ 



-C4I/ + C3. 



Case 3 

Constraints on Tab'- 

r' ^ n ( ^ 


= 0, T^ 0, -i 

^2 = C42; + C2, 
^3 = _C41/ + C3. 


MCs: 



T' 



ToVT\ 



7^0. 



Case 4 

Constraints on Tq, 

V 



MCs: Let 



R^ 



R2'/W 



T2VT; 



a, 



"■^^^"■ll)^»'(^ 



0. 



■-0 



ToVT\ 



j3 ^ a , where a and (3 are constants. 



iO _ 13 



e' = -C5 



aVTY' 



C^ = C42; + c^y + C2 



e^ 



-C41/ + C5Z + C3. 



(3.1) 



(3.2) 



(3.3) 



(3.4) 



Case 5 

Constraints on Tab- 



T' 



T2VT, 



MCs: Here we write 



R'., 



R2VR1 



a, T2 



0, n + 0, (^^ 



0. 



2 V^-- a2To 

2 



^° = f ( ^^ - 7;^ + ^y^ + 52;2 ) + Cefc - Cgl/t + C^Z + Cg^y + Ciot + Ci, 



a\/Ti 



[c-jt - Cgl/ + C92; + Cio) 



^2 = C7|/t + f (^-^ + ^ - ^^ + ^J + C5^ + Cgy^ + Cioy + C^Z + C2, 



Case 6 

Constraints on T„, 



To^O,T^ = 0,|i^^ =0. 



(3.5) 



MCs: Put 



7 a constant. 



.^"^ = -i= \z (c7 sin 7t — cg cos 7t) + 1/ (cs sin 7t — Ce cos 7t) 

— (c9sin7t — Cio cos7t)] + Ci, 

C^ = - -^ \z {cj cos 7t + cs sin 7t) + y (05 cos 7t + Ce sin 7t) 

— (c9COS7t + Ciosin7t)], 

C^ = ^ (c5 cos7t + Cq sin7t) + C42; + Cs, 
C^ = ^ (c? cos 7t + Cg sin 7t) - C4I/ + C3. 

Case 7 

Constraints on Tq^: 



T^^O,T^ = 0,(^^1 ^0, 



/Ti 



To 



T' 



2yTi V^oVT] 



0. 



MCs: Tliis implies tliat 



rpl 



rov^ 



=constant = A 7^ . 



^° ~ '^5 [ih ~ 4^ y ^ '^sf ^ + Cl, 
^' = ;^ (est + ce) , 

^2 = C42; + C2, 
^3 = _c4l/ + C3 . 



(3.6) 



(3.7) 



Case 8 

Constraints on Tab- 



% ^ 0, T^ = 0, ( ^^1 ^ 0, 



/Ti 



Tn 



T' 



Ti V^oVTi 



MCs: 



e' = o, 

^2 = C4Z + C2, 



e^ 



-C4I/ + C3. 



Case 9 

Constraints on T„, 



T^ = 0,T^ = 0. 



MCs: We put Tq = -a and T2 = (3. 



e = -^I VTidx + C7I/ + c^z + ci, 

C^ = ^ {C&t + Cgt/ + Cio^ + C5) , 

^^ = |C7t - ^Cg / y/l\dx + C42; + C2, 

^^ = |c8t - -^cio / ^/T\dx - pc^y + C3. 



Case 10 

Constraints on Tab- 



n^o, 



MCs: 



.\ 


T2 ( 


T' 


T2VT1 


e 


= Ci 




e 


= 0, 




e 


= CaZ + C2, 



7^0. 



-C4y + C3. 



Case 11 

Constraints on Tab- 



To 



T' 
-'2 



Ti \2T2VT1 



-'2 



T2VT\ 



7^0. 



7^0, 



(3i 



(3.9) 



(3.10) 



MCs: 









e = 
e = 
e = 
e = 


■-Cl, 

0, 

- C4Z + C2, 
■ -C4I/ + C3. 


Case 12 








Constraints on Tab- 










n = ^x^ 


( ^^ 




' V7^2VTi 


MCs: 


Put 


To ; 






e- 


= Cl, 

1 


{CqV + CyZ + C5) , 







(3.11) 



(^ = -C6 (^/ ^dx + ki^ - ki^j - kiCjyz - k^c^y - c^z + C2, 
^3 = -kiceyz - c-j (j ^dx - ^y'^ + h^j - kic^z + dy + C3. 



(3.12) 



For the degenerate Tab, i-e. when det{Tah) = 0, we get MCs admitting infinite 
dimensional Lie algebras, except in one case when Ti = 0, Tj 7^ for ? = 0, 2, 3. 
Cases 13 and 14 have degenerate energy-momentum tensor but admit finite MCs. 

Case 13 

Constraints on Tab- 

Ti = 0, To^O,T2^0, {^^ =0. 



MCs: Put ^ = k2. 



TqT:. 



nn 



^0 = c5t + Ci, 
cl — r- 2^0 

^2 = C4Z + ^C^y + C2, 
^3 = _c^y + ^C5Z + C3. 



(3.13) 



Case 14 

Constraints on Tab- 



Ti = 0, To^O,T2^0,To^O,T2^0, (^1 =0, 



T, 



MCs: Here we write To = —aT2 



^° = C7 f |- + Y + "Vj + ^^'^y + ^^y + ^9^^ + '^6^ + ciot + ci, 

C^ = -^ (acyt + cgy + c^z + Cio) , 

^2 = ac^ty + cg fay + y ~ 4) + '^'^5'^ + '^9^'^ + '^lol/ - Q-^ + C2, 

^^ = acyte + Csyz + Cg fay - |- + y) + acet + Cio-2 + C4I/ + C3. 



(3.14) 



Case 15 

If either To or T2 (or both) are zero Tab becomes degenerate and MCs admit 
infinite dimensional Lie algebra. 

4. Lie algebras of matter collineations 

If a set of vector fields on a manifold under the operation of Lie bracket (defined by 
the Lie derivative on a manifold) satisfies the conditions of anti-commutativity and 
Jacobi's identity, one gets a Lie algebra. Here we provide the Lie algebraic structure 
for the MC vector fields obtained in the last section and identify their nature. We 
also classify them into solvable and semisimple algebras and identify some of their 
sub- algebras. 

Case 1 



Generators: 










Xi = 9,, 










X2 = 9,, 










X3 = 9, , 










X4 = zdy - yd, , 










X5 = ydt + kHdy , 










Xg = zdt + kHd, . 










Algebra: 










XijXs] = A; X2 , 


Xi,X6 


= PX3, 


X2, X4 


= -X3, 


X2,X5] = Xi , 


X3, X4 


= X2, 


X3, Xg 


= Xi, 


X4,X5j = Xq , 


X4, Xg 


= -X5, 


X5, Xg 


= -A;2X, 


Xj, Xj] = , otherwise. 











This is 5*0(1,2) x [5*0(2) eg) M^] where 'x' represents the semi-direct and '0' 
the direct product. Here X5 and Xg are the Lorentz boosts in y and z directions. 



X4 is a rotation in y and z. This is a semisimple algebra having (X4,X5,X6) as a 
subalgebra. 

Case 2 

Generators: 

Xi = 9i , 

X2 = <9y , 
X3 = 9, , 
X4 = z(9j^ - yd^ . 
Algebra: 

[X2, X4] = -X3 , [X3, X4] = X2 , [X„ X,] = , otherwise. 

This can be written as {S0{2) x [M O 5*0(2)]} ® M and is solvable. 

Case 3 

Generators: 

Xi = 9i , 

X2 = Oy , 
X3 = 9, , 

X4 = zdy - yd^ . 
Algebra: 

[X2, X4] = -X3 , [X3, X4] = X2 , [X„ X,] = , otherwise. 

This is the same as the previous case. 

Case 4 



Generators: 








Xi: 


= dt, 






X2: 


= dy, 






X3: 


= d,, 






X4: 


= zdy - yd, , 






X5: 


= ^td,-J^d^ + ydy + zd,. 






Algebra: 








XijXs 


= qXi , [X2, X4] = — X3 , 


X2, X5 


= X2, 


X3, X4 


= X2 , [X3, X5] = X3 , 


Xj , Xj 


= , otherwise. 



This is a solvable algebra which can be written as G5 = {G4, X5), where 



10 



G4 = {^0(2) X 

Case 5 



®50(2)]}® 



Generators: 



Algebra: 



X2 = Oy , 
X3 = 9, , 

X4 = 

X5 = 6ydt + tdy , 
Xq = 5zdt + td^ , 



2;(9j/ - yd^ , 



X7 = 
X8 = 
Xg = 
Xio 



i' 



a'To 



+ 5y^ + 5z^ d, 






tda: + ytdy + ztd^ , 
2^, - y "r zA dy-yzd,, 



4 



a^T2 



t^ 



— — -I- 

<5 ^ a'^T2 



^ + y^-z^]d,, 



ta 



aVn 



dx + ydy + 2;(92 . 



1 


X5] 


= X2, 


1 


Xg] 


= i^5, 


2 


X4" 


= -X3, 


2 


Xg] 


= ^Xio 


3 


X4] 


= X2, 


3 


Xg] 


= X4, 


4 


Xs: 


= Xg , 


4 


Xg 


= Xg, 


5 


Xg] 


= -X7, 


7 


Xio 


= -X7, 


J? 


X,] 


= , otherwise 



Xi 


Xe] 


Xi 


Xg] 


X2 


X5] 


X2 


Xg] 


X3 


Xe 


X3 


Xg] 


X4 


Xe 


X5 


Xe 


Xg 


X7] 


Xg 


Xio 



X3, 

jXe, 
<5Xi, 
X4 , 

Xio , 

-X5, 

-5X4, 

(5Xg, 

= — Xg , 



[Xi 
[Xi 

[X2 
[X2 

[Xa 
[Xs 
[X4 
[X5 
[Xe 

[Xg 



X7] = Xio , 
Xio] = Xi , 
X7] = X5 , 
Xio] = X2 , 
X7] = Xg , 
Xio] = X3 , 
Xg] = — Xg , 
X7] = -5Xg 

Xg] = X7 , 
Xio] = — Xg , 



This 5*0(1,4) or 5*0(2,3) is the maximal semisimple anti-de Sitter algebra. It 
has 3 dimensional subalgebras {X4,X5,X6} of rotations and {Xg,Xg,Xio}; 4 di- 
mensional subalgebras {Xi, X2, X3, X4} and {X7, Xg, Xg, Xio}; and 6 dimensional 
subalgebras {Xi, X2, X3, X4, X5, Xg} in it. 
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Case 6 



Generators: 



Algebra: 



Xi = 9i, 

X2 = dy , 

X3 = 9,, 

X4 = zdy - ydz , 
X 



y 



L=y sin -ftdt - -^ycos-ftd^^ + ^cos-ftd, 



y ' 



Xe = -^y cos 7t9t - ^y sin 7t(9^ + ^ sin -/tdy , 



,.7 = -^2;sin7t9t - ^zcos^ytd^: + ^cos'jtd, 
Xg = -^z cos 'jtdt 
Xg = -^ sin 7t(9t + ^ cos 7t(9^ 
Xio = ^ cos 7t(9t + ^ sin 'jtd^ . 



^z sin 'jtdx + 



Z 5 

^Jsin7t(9^, 



Xi 


X5 


— — Xg , 


XijXg 


= X5, 


[Xi 


X7] 


= -Xg, 


Xi 


Xg 


= X7, 


Xi,Xg 


= — Xio , 


[Xi 


Xio 


= Xg , 


X2 


X4 


= -X3, 


X2,X5 


= — Xg , 


[X2 


Xe 


= —Xio , 


X3 


X4 


= X2, 


X3,X7 


= — Xg , 


[X3 


Xg] 


= —Xio , 


X4 


X5 


= X7, 


X4,X6 


= X8, 


X4 


X7] 


= -X5, 


X4 


Xg 


= — Xg , 


X5,X6 


- ^T2^U 


Xs 


X7] 


= 2^X4, 


X5 


Xg 


= -15X2, 


XgjXg 


= 7^X4, 


Xe 


Xio 


= -iX2 


X7 


Xg 


- ^T,^U 


X7,Xg 


= -fjX3, 


[Xg 


Xio 


= -iX3 


Xj, 


X,] 


= , otherwise. 













This is again a 10 dimensional semisimple algebra and has {Xi, X2, X3, X4} as 
a subalgebra. 



Case 7 

Generators: 



Xi = 9i , 

X2 = dy , 
X3 = 5, , 

X4 = zdy - yd^ , 



X5 
Xe 



-kdt + ^d^. 



-^—fd 
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Algebra: 

[Xi, X5] = Xq , [Xi, Xg] = — fXi , [X2, X4] = — X3 , 

[X3, X4] = X2 , [X5, Xg] = f X5 , [X,, X,] = , otherwise. 

This is a semisimple algebra having {Xi,X2, X3, X4} and {XijXsjXg} as sub- 
algebras. 

Case 8 

Generators: 

X2 = dy , 
X3 = 9, , 

X4 = zdy - ydz . 
Algebra: 

[X2, X4] = -X3 , [X3, X4] = X2 , [X„ X,] = , otherwise. 
This is the same as in Case 2. 



Case 9 

Generators: 

Xi = 9i , 

X2 = dy , 
X3 = 9, , 

X4 = zdy - ^yd, , 
-^5 = TT^^'^ ' 



X6 = -^/v^rfa;9t + ^t9,, 

X7 = ydt + ^tdy , 

Xg = zdt + Hd, , 

Xg = ^d^ - ^ J VTidxdy , 

Xio = ^9. - i / v^rfxS, . 
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Algebra: 



[Xi 
[X2 
[X3 
[X4 
[X4 
[X5 
[Xe 
[X7 



Xe] 

X4] 

X4] 

X7] 

Xio] 

Xio] 

Xg] 
Xg] 



[Xi, Xj] 



^X5, 

'■ —-Xs, 

^X2, 

■ Xg , 
= --X3, 

— -X7, 

Q. "V" 

, otherwise. 



[Xi 
[X2 
[X3 
[X4 
[X5 
[Xe 
[Xe 



X7] 

X7] 

Xg] 

Xs] 

Xe] 

X7] 

Xio] 

Xio] 



Xi, 
Xi, 



-2X7, 



7' 

-Xi, 

~Xg , 
= -iX8 



[Xi 

[X2 

[Xs 
[X4 
[X5 
[Xe 
[X7 

fXg 



Xs] 

Xg] 

Xio] 

Xg] 
Xg] 
Xg] 
Xg] 
Xio] 



-X3, 
X5 , 
= X5, 

Xio ) 

= ^X4, 



2 , 



This semisimple algebra has a 3 dimensional subalgebra {X4, Xg, Xio} of ro- 
tations, 4 dimensional subalgebra {Xi, X2, X3, X4} and 7 dimensional subalgebra 

{Xi, X2, X3, X4, X5, Xg, Xio} ill it- 



Case 10 

Generators: 



Xi 
X2 
X3 
X4 






y 1 



dz, 

zdy - kydz 



Algebra: 



[X2, X4] — —kXs , [X3, X4 



X 



2 , 



[Xi, Xj] 



, otherwise. 



Case 11 

Generators: 



Xi = <9i, 

X2 = Oy , 

X3 = a 

X4 



Z 1 

zd, 



Algebra: 



y 



ydz ■ 



[X2, X4] = -X3 , [X3, X4] = X2 , [X„ X,] = , otherwise. 
Its structure is similar to that of Case 2. 
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Case 12 

Generators: 

X2 = dy , 

X4 = -zdy + yd;, , 

X5 = ^<9a; - hydy - kizdz , 

Xe = ^9, - (/ ^rfx + k,y-^ - A;if ) 9, - hyzd, , 

^7 = ^-9, - hyzdy - (/ ^rfx - ^y + A;i4) 9, . 

Algebra: 

[X2, X4J = X3 , [X2, X5] = — A;iX2 , [X2, XgJ = X5 , 

[X2, X7] = A;iX4 , [X3, X4] = — X2 , [X3, X5] = — A;iX3 , 

[X3, Xe] = —kiK.4 , [X3, X7] = X5 , [X4, Xq] = — X7 , 

[X4, X7] = — Xq , [X5, Xg] = — Xg , [X5, X7] = — X7 , 

[Xg, X7] = fs:X4 , [Xi, Xj] = , otherwise. 

where K = —2ki ij ^^^dx + 2^^) is a constant. This is a semisimple algebra 
having {Xi,X2, X3, X4} and {X4, X5, Xg, X7} as 4 dimensional subalgebras and a 
6 dimensional subalgebra {X2, X3, X4, X5, Xg,X7} in it. We write this as G7 = 
{G4, X5, Xg, X7) where G4 = {S0{2) x [M ® S0{2)]} ® M. 

Case 13 

Generators: 

Xi = 9t, 

X2 = dy , 
X3 = 9, , 

X4 = zdy -yd^, 

X5 = tdt - ^9, + lydy + Izd,. 
Algebra: 

[Xi, X5] = Xi , [X2, X4] = — X3 , [X2, X5] = ;^X2 , 

[X3, X4] = X2 , [X3, X5] = ^Xg , [X„ X,] = , otherwise. 

This is a solvable algebra which can be written as G = (^4, X5), where 
Gi = {S0{2) X [M ® S0{2)]} ® M. 
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Case 14 



Generators: 












Xi 


= dt, 






X2 


= dy, 






X3 


= d., 






X4 


= -zdy + yd, , 






X5 


= ydt + atdy , 






Xg 


= zdt + atdz , 






X7 


= (4 + ^ + «f)5,-^t5. + a 


'tydy + atzdz 


5 


Xg 


= t,5,-f,9.+ (4 + ^-^) 


dy + yzdz, 




Xg 


= tzdt -^zd,+yzdy+(a'^-^- 


2 + 2 ) ^^^ 




Xio 


= tdt - ^d^ + ydy + zd,. 






Algebra: 








Xi,X5 


= ttX2 , [XijXg] = aXa, 


Xi,X7 = 


«Xio 


[Xi 


Xg 


= X5 , [Xi 


Xg] = Xg , 


Xi 


Xio - 


= Xi, 


X2 


X4 


= X3 , [X2 


X5] = Xi , 


■X2 


X7] = 


X5, 


[X2 


Xg; 


= Xio ; [X2 


Xg] = — X4 , 


[X2 


Xio = 


= X2, 


[X3 


X4 


= — X2 , [X3 


Xg] = Xi , 


[X3 


X7] = 


Xg , 


■X3 


Xg 


= X4 , [X3 


Xg] = Xio ; 


[X3 


Xio = 


= X3, 


[X4 


X5: 


= — Xg , [X4 


Xg] = X5 , 


[X4 


X8] = 


— Xg , 


:x4 


Xg 


= Xg , [X5 


Xg] = q;X4 , 


[X5 


X7] = 


«Xg, 


Xs 


Xg] 


= X7 , [Xg 


X7] = — Xg , 


[Xg 


Xg] = 


X7, 


Xr 


Xio 


= — X7 , [Xg 


Xio] = — Xg 


[Xg 


Xio = 


= -Xg 


[x„ 


X,] = 


= , otherwise. 











It has 3 dimensional subalgebras {X4, X5, Xg} of rotations and {Xg, Xg, Xio}; 4 
dimensional subalgebras {Xi, X2, X3, X4} and {X7, Xg, Xg, Xio}; and 6 dimensional 
subalgebras {Xi, X2, X3, X4, X5, Xg} in it. This 5*0(1,4) or 5*0(2,3) anti-de Sitter 
Lie algebra is the maximal semisimple algebra of the degenerate case. 



5. Examples of metrics 

Here we give a few examples of spacetimes comparing MCs with their RCs [4, 5] and 

KVs [8]. 
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1. 

ds^ = e" [de - dy^ - dz^) - dx", {v" ^ 0) . 
For this metric the non-vanishing components of Tab are 

Too = -f [^y" + 3Z/'') , 

Tn = i (3/) , (5.1) 

T22 = f (4z/" + 3z/'')=T33, 

and those of the Ricci tensor are 

Rii = -3 (^ + ^) , (5.2) 

i?22 = -f (2/i" + 3z/'')=i?33. 

It has 6 KVs, 6 RCs and 6 MCs given in Case 1. 
2. 

ds^ = e'dt^ - dx^ - e'^ {dy^ + dz") , {v" ^ 0, /i" ^ 0) . 

It admits 4 KVs, 4 RCs and 4 MCs given by Case 2. 
3. 

(is^ = e [dt^ — dy"^ — dz^ ) — dx^ . 

This is an anti-de Sitter metric admitting 10 KVs, 10 RCs and 10 MCs given 
by Case 5. 

4. 

ds"^ = x^dt^ - dx^ - x^ {dy'^ + dz^) . 
The Tab in this case are 

Too = (a - K) a;^-^ 

Tn = (f + 4) /^' ' (5-3) 

T22 = I («^ + c^ - 2c - 2a + ac) a;''-^ = T33 . 

This is an example of Case 4 with 4 KVs, 5 RCs and 5 MCs. 
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ds^ = (x/xq) "" dt^ — dx^ — {x/xq) {dy^ + dz^ ) , 

a and xq are constants and a 7^ 0, 1, —1. For this metric Rab are given by 

i?oo = a (1 + a) x'^'^-'^/xf , 

i?ii = _ (_a + a^) /a;2 , (5.4) 

/?22 = - (1 + a) /a;^ = i?33- 

The energy-momentum tensor for this metric can be written as with 

Tn = (2a + 1) /x^ , (5.5) 

T22 = a'/xl = T33 . 

It has 4 KVs, 6 RCs and 6 MCs (Case 7). The energy density is negative and 
cannot be made positive by introducing a cosmo logical constant, therefore, it 
is unphysical. 



ds^ = dt^ — dx^ — dy'^ — dz^ . 

For this metric Tab = Rab = 0, for all a, 6, which means that every direction 
is an MC and similarly RCs are also arbitrary functions of the coordinates t, 
X, y and z giving an infinite dimensional Lie algebra. However, it has 10 KVs. 
This is a wrapped Minkowski spacetime. 

7. 

ds^ = de - dx^ - e^^ [dy^ - dz^) , 

A is a non-zero constant. For this metric the no n- vanishing components of Tab 
are 

rp — 3^2 

Joo — — —: 

(5.6) 



rp 3^2 

-'oo 4 , 

-'ll — ~5 

rp A^e^^ 
-'22 — 4 


— ^33 


and those of the Ricci tensor are 




Roo = , 

-Kii — — — , 
-K22 — 


= i?3 



(5.7) 

1-33 • 

It admits 7 KVs, infinitely many RCs and 7 MCs, given in Case 12. 
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ds^ = e^'^de - dx" - e^" (rfi/2 + dz^) , 



For this metric the non-vanishing components of Tab are 

rp _ 3B^e^^ 
JOO — 4 , 



Tn = i {2AB + B') , (5.8) 

T,, = ^{A' + B' + AB)=n,, 



and those of the Ricci tensor are 






Ru = - (x + f ) ' (5-9) 

Now, if A 7^ i? it admits 5 KVs, 5 RCs and 5 MCs, otherwise it has 10 RCs 
and 10 MCs. 



ds'^ = (x/xq) "" dt^ — dx^ — (x/xo) {dy^ + dz^ ) , 

a and Xq are constants and a 7^ 0, 1, —1. The energy-momentum tensor for this 
metric can be written as with 

Too = , 

Tn = 16/9x2 , (5.10) 

T22 = -(«'-!-§) lx'"xT = T33. 

For this metric Rab are given by 



^2a 

1 



Roo = a{a + l) x^'^-^/xl" 

i?ii = (a - a^ - I) /a;2 , (5.11) 

i?22 = -i(a + 3)/x2/34/3 = i?33. 

This space admits 4 KVs, 5 RCs and infinitely many MCs (Case 15). 
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6. Conclusion 

The plane symmetric static spacetimes have been studied for their MCs. The MC 
equations have been solved giving rise to various cases characterized by the con- 
straints on the components of the energy-momentum tensor. This includes cases of 
the non-degenerate as well the degenerate tensor. Their Lie algebra structure has 
also been given. Particular examples of metrics have been provided for which MCs 
have been compared with their KVs and RCs. In some spaces the RCs are greater 
than the MCs, while in others the MCs are more than the RCs, which shows that 
neither of the sets contains the other, in general. 
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